We analyze the noise sensitivity of the focal length comp u tation for single-view 3 -D reconstru ction b ased on vanishing p oints and orthogonality. We p oint ou t that d u e to the nonlinearity of the comp u tation the stand ard statistical op timization is not very eff ective. We p resent a p ractical comp romise b etw een p reventing the comp u tational failu re and maintaining the accu racy and d emonstrate that ou r method can p rod u ce a consistent 3 -D shap e in the p resence of how ever large noise.
. Introd uction
Given two or more views of a scene, we can reconstru ct its 3 -D stru ctu re b ased on triang u lation [2 , 3 ] . H owever, th e 3 -D sh ap e can b e reconstru cted from only a sing le view if we h ave su ffi cient k nowled g e ab ou t th e scene [1, 3 ] . F or ex amp le, if th ere are p arallel lines in th e scene, th eir p rojections d efi ne th eir vanish ing p oint, wh ich constrains th e orientation of th ese lines in th e scene. If we can fi nd th ree vanish ing p oints of mu tu ally orth og onal p arallel lines in th e scene, we can comp u te th e camera focal leng th and th e p rincip al p oint, from wh ich we can comp u te th e p ositions and orientations of th e lines in th e scene.
T h is ty p e of sing le-view 3 -D reconstru ction h as b een stu d ied in variou s forms and is wid ely u sed tod ay not only in ind u strial environments su ch as rob otic manu factu ring and navig ation b u t also in many oth er fi eld s inclu d ing entertainment, ed u cation, and sch olastic research th rou g h virtu al reality g eneration and 3 -D reconstru ction from p ainting s and h istorical p h otog rap h s.
T h e major d isad vantag e of su ch sing le-view reconstru ction is th at b ecau se it is b ased on th e p ersp ective p rojection g eometry , accord ing to wh ich ob jects fu rth er away look smaller, we cannot reconstru ct 3 -D if th ere are no p ersp ective eff ects. E ven if th ere are, th e comp u tation often fails wh en th e p ersp ective eff ects are small, wh ich is often th e case for a d istant scene. A ty p ical sy mp tom is th at th e insid e of th e sq u are root b ecomes neg ative wh en we estimate th e camera focal leng th b y th e stand ard meth od , resu lting in an imag inary focal leng th .
T h is p ap er stu d ies th e eff ects of th e noise on th e focal leng th comp u tation. W e p oint ou t th at d u e to th e nonlinearity of th e comp u tation th e stand ard statistical op timiz ation is not very eff ective. W e p resent a p ractical comp romise b etween p reventing th e comp u tational failu re and maintaining th e accu racy and d emonstrate th at ou r meth od can p rod u ce a consistent 3 -D sh ap e in th e p resence of h owever larg e noise.
. C amera M od el
W e d efi ne an XY Z coord inate sy stem with th e orig in O at th e center of th e camera lens (th e viewpoint) * Okayama-shi, Okayama 700-8530 Japan {kanatani,sugaya}@suri.it.okayama-u.
F ig u re 1: P ersp ective p rojection.
and th e Z-ax is along th e lens op tical ax is and reg ard th e camera imag ing g eometry as perspec tive projec tion: A p oint in th e scene is p rojected onto th e intersection of th e p lane Z = f (th e im a g e pla ne) with th e line (th e line of sig h t) starting from th e view p oint O and p assing th rou g h th at p oint (F ig . 1). T h e constant f is called th e foca l leng th .
T h e inp u t imag e is id entifi ed with th e p lane Z = f , on wh ich we d efi ne an xy coord inate sy stem with th e imag e orig in at th e p oint on th e Z-ax es (th e princ ipa l point) and th e x-and y-ax es p arallel to th e camera Xand Y -ax es, resp ectively . T h e imag e coord inate sy stem is assu me to h ave z ero sk ew with asp ect ratio 1. F or th e time b eing , th e p rincip al p oint is assu med to b e k nown, ty p ically at th e center of th e imag e frame (we later consid er its estimation).
W e rep resent an imag e p oint (x, y) b y th e following 3 -D vectors:
H ere, f 0 is a d efau lt focal leng th 1 measu red in p ix els. T h e two vectors x and m are transformed to each oth er as follows:
T h rou g h ou t th is p ap er, Z[ · ] normaliz ation to mak e th e th ird comp onent 1, and N [ · ] means normaliz ation into a u nit vector. W e call x and m th eir Z -vec tor and N -vec tor, resp ectively [3 ] . A line in th e imag e is written as ax+by+c = 0 . S ince th e coeffi cients a, b, and c can b e sp ecifi ed only u p to mu ltip lication b y a nonz ero constant, we can normaliz e th em to a 2 + b 2 + (c/ f 0 ) 2 = 1. W e call th e u nit vector
th e N -vec tor of th e line [3 ] . U sing th e vector notation of eq s.
(1), we can write th e eq u ation of th e line as (n, x) = 0 . T h ro ugh o ut th is p a p er, w e d en o te th e in n er p ro d uc t o f tw o v ec to rs a a n d b b y (a, b).
T h e N -v ec to r n o f th e lin e p a ssin g th ro ugh tw o p o in ts w ith Z -v ec to rs x 1 a n d x 2 a n d th e Z -v ec to r x o f th e in tersec tio n o f tw o lin es w ith N -v ec to rs n 1 a n d n 2 a re giv en a s fo llo w s [3] :
Focal Length Estimation
T h e fi rst step o f 3-D rec o n struc tio n is to c o m p ute th e vanishing point o f p a ra llel lin es in th e sc en e: it is d efi n ed a s th e in tersec tio n o f th eir p ro jec tio n s o n th e im a ge (Fig. 2) . T h e o rien ta tio n o f th e lin es in th e sc en e c o in c id es w ith th e d irec tio n to w a rd th e v a n ish in g p o in t o n th e im a ge p la n e Z = f seen fro m th e v iew p o in t O [2, 3] .
In th e p resen c e o f n o ise, th e p ro jec tio n s o f p a ra llel lin es d o n o t n ec essa rily in tersec t a t a sin gle p o in t in th e im a ge. A n o p tim a l p ro c ed ure fo r estim a tin g th e true in tersec tio n , c a lled re norm alization, w a s p resen ted b y K a n a z a w a a n d K a n a ta n i [5 ] . T h is p ro c ed ure p ro d uc es n o t o n ly a n o p tim a l estim a te o f th e v a n ish in g p o in t b ut a lso th e covariance m atrix 2 V [m] o f th e N -v ec to r o f th e estim a ted v a n ish in g p o in t a s a b y p ro d uc t.
S up p o se th e v a n ish in g p o in ts o f th ree m utua lly o rth o go n a l p a ra llel lin es a re lo c a ted in th e im a ge. L et m 1 , m 2 , a n d m 3 b e th eir N -v ec to rs, a n d
] b e th eir c o v a ria n c e m a tric es. T h e un it v ec to rsm 1 ,m 2 , a n dm 3 th a t sta rt fro m th e v iewp o in t O a n d p o in t to w a rd th ese v a n ish in g p o in ts a re giv en b ym
w h ere
T h e sy m b o l d ia g( · · · ) d en o tes th e d ia go n a l m a trix w ith · · · a s th e d ia go n a l elem en ts in th a t o rd er. S in c e th e th ree v a n ish in g p o in t o rien ta tio n s sh o uld b e m utua lly o rth o go n a l, w e h a v e th e fo llo w in g c o n stra in ts:
In th e p resen c e o f n o ise, th ese d o n o t n ec essa rily h o ld ex a c tly . A n o p tim a l estim a te fo r th e fo c a l len gth f is o b ta in ed b y m in im iz in g th e fo llo w in g fun c tio n [4 ] :
H ere, w e d efi n e th e m a trix W = (W ij ) a s th e in v erse o f th e m a trix V = (V ij ) h a v in g th e c o v a ria n c e V ij o f e i a n d e j a s th e ij elem en t (V ii is th e v a ria n c e o f e i ). U sin g eq . (5 ), w e o b ta in
T h e m a trix W = (W ij ) w eigh ts th e th ree c o n stra in ts o f eq s. (7 ) a c c o rd in g to th e relia b ility o f th e th ree v a nish in g p o in ts ev a lua ted in term s o f th eir c o v a ria n c e m atric es V [m i ]. If th e un c erta in ty o f ea ch v a n ish in g p o in t w ere th e sa m e a n d in d ep en d en t o f ea ch o th er, th e m atrix W w o uld b e a c o n sta n t tim es th e un it m a trix I, so th e m in im iz a tio n o f eq . (8 ) w o uld red uc e to th e leastsq u are s m e thod th a t m in im iz es 
so th e v a lue α th a t m in im iz es eq . (8 ) c a n b e a n a ly tic a lly o b ta in ed . W e up d a te W b y sub stitutin g th is v a lue, rec o m p ute α, a n d itera te th is un til it c o n v erges. T h e fo c a l len gth f is giv en b y
. C omp osite M ethod
T h e a b o v e m eth o d so un d s sa tisfa c to ry , b ec a use it is th eo retic a lly gua ra n teed to b e o p tim a l. H o w ev er, th e o p tim a lity is b a sed o n lin ea r a n a ly sis: th e c ov a ria n c e m a trix V [m] is d efi n ed a s th e ex p ec ta tio n E[∆m∆m ] fo r th e d ev ia tio n ∆m o f m ev a lua ted to a fi rst a p p ro x im a tio n v ia T a y lo r ex p a n sio n [4 ] .
In rea lity , th e v a n ish in g p o in t c o m p uta tio n is h igh ly n o n lin ea r, p a rtic ula rly so w h en it is lo c a ted v ery fa r a w a y fro m th e fra m e c en ter, resultin g in fa r la rger d ev ia tio n s th a n p red ic ted b y th e c o v a ria n c e a n a ly sis. A ty p ic a l sy m p to m is th a t th e v a lue α c o m p uted b y eq . (8 ) b ec o m es n ega tiv e, resultin g in a n im a gin a ry foc a l len gth f .
T h e rea so n w h y a rea l so lutio n d o es n o t ex ist w h ile geo m etric a lly th ere sh o uld b e o n e is th a t so m e o f th e n ec essa ry geo m etric c o n stra in ts a re v io la ted . In fa c t, th e th ree v a n ish in g p o in ts c a n n o t b e a n y w h ere b ut sh o uld b e a t th e v ertic es o f a tria n gle w h o se o rth oc en ter is a t th e p rin c ip a l p o in t [2, 3] , im p ly in g th a t th e d irec tio n s to w a rd a n y tw o o f th em fro m th e p rin c ip a l p o in t m a k e a n o b tuse a n gle.
H o w ev er, th e v a n ish in g p o in t lo c a tio n s c a n b e p erturb ed to a la rge ex ten t ev en b y sligh t n o ise d ue to th e n o n lin ea rity , so th ese c o n d itio n s m a y b e v io la ted . Fo r such a n in a d m issib le c o n fi gura tio n , a rea l fo c a l len gth so lutio n m a y n o lo n ger ex ist.
Fro m th ese c o n sid era tio n s, w e ta k e a stra tegy o f c o m p lem en tin g th e in suffi c ien c y o f lin ea r a n a ly sis b y ch eck in g to w h a t ex ten t th e n ec essa ry geo m etric c o nd itio n s a re v io la ted . W e c o n sid er th e fo llo w in g fo ur c a ses fo r th e a n gles m a d e b y th e d irec tio n s to w a rd th e c o m p uted v a n ish in g p o in ts fro m th e im a ge o rigin : Case 1: Three obtuse angles. We regard the three vanishing points as sufficiently reliable and do the optimal computation as described in Sec. 3. Case 2 : O ne ac ute angle. We remove from among the three constraints in eqs. (7) the one involving the two directions that make an acute angle and minimize eq. (8) subject to the remaining two constraints. Case 3 : Tw o ac ute angles. We retain from among the three constraints in eqs. (7) only the one involving the two directions that make an obtuse angle. In this case, we need not minimize eq. (8): the solution that makes eq. (8) zero can be analytically obtained. Case 4 : Three ac ute angles. We regard no vanishing points as reliable and formally returns f = ∞ (a sufficiently large value in practice). Fig. 3(a) is a simulated image of a rectangular box. The image size is supposed to be 300×400 (pixels), and the focal length is set to f = 1000 (pixels). We added G aussian noise of mean 0 and standard deviation σ (pixels) to the x and y coordinates of all the vertices positions independently and estimated the focal length. We can see that the rate of computational failures increases as the noise increases. It is larger for the optimal computation than for the least squares, indicating that pursuit for high accuracy is generally not compatib le w ith computational rob ustness.
We then evaluated the relative accuracy of the composite method by the following root-mean-square:
Here, f (a) is the ath instance of the 1000 trials. We let f (a) = ∞ (i.e., (f (a) − f )/ f (a) = 1) if the computation failed. Fig. 3(c) plots the value D for the noise standard deviation σ on the horizontal axis. The solid line is for the composite method; the dashed line is for the optimal computation; the dotted line is for the least squares.
We can immediately see that the least-squares method, which ignores the statistical error behavior, yields poor results. The optimal computation indeed achieves high accuracy when the noise level is small, but the error irregularly fl uctuates for a large noise level. The composite method retains high accuracy for small noise, yet preserves the accuracy expected of the optimal computation even for large noise.
Image Data Correction
So far, we have assumed that the principal point is known and taken to be the image origin. It can be computed as the orthocenter of the triangle defined by the vanishing points of three mutually orthogonal set of parallel lines in the scene [2, 3] . According to our simulation experiments, however, the principal point is very sensitive to noise; it is perturbed to an extraordinary degree by very small noise. We conclude that estimating the principal point is not realistic unless the vanishing points can be estimated with very high accuracy. R ather, it is more reasonable to assume an appropriate principal point instead of estimating it. The possible distortions resulting from the use of a wrong principal point can be compensated for by correcting the image itself so that it conforms to the estimated parameters. We now describe the procedure.
The three directions from the viewpoint to the vanishing points may not be exactly orthogonal even though the focal length is optimally computed. So, we correct them to be exactly orthogonal. First, we convert the N-vectors {m 1 , m 2 , m 3 } of the three vanishing points into {m 1 ,m 2 ,m 3 } for the computed focal length f , using eqs. (5) and (6). A statistically optimal method for computing an orthonormal system {e 1 , e 2 , e 3 } that best approximates a given set of vectors {m 1 , m 2 ,m 3 } is to minimize H ere, V a n d U a re o rth o go n a l m a trix , a n d σ 1 , σ 2 , a n d σ 3 th e sin gula r v a lues. T h e so lutio n {e 1 , e 2 , e 3 } is giv en a s fo llo w s [3, 4] :
( e 1 e 2 e 3 ) = V U .
( 1 5 ) If w e m o d ify th e v a n ish in g p o in t lo c a tio n s, th e p rojec tio n s o f p a ra llel lin es n o lo n ger p a ss th ro ugh th em in th e im a ge. S o , w e c o rrec t a ll th e lin es so th a t th ey p a ss th ro ugh th eir resp ec tiv e v a n ish in g p o in ts. L et n b e th e N -v ec to r o f th e lin e in q uestio n , a n d V [n] its c o v a ria n c e m a trix . L etm i b e th e N -v ec to r o f th e c o rrec ted v a n ish in g p o in t. T h e o p tim a l c o rrec tio n ∆ n o f n is is giv en a s fo llo w s [4] :
If th e lin es a re c o rrec ted in th is w a y , th e Z -v ec to rs o f th eir in tersec tio n s a re rep la c ed b y th e sec o n d o f eq s. (4) . P o in ts o n th ese lin es b ut n o t a t th e in tersectio n s w ith o th er lin es a re o rth o go n a lly d isp la c ed o n to th e n ea rest p o sitio n o n th e c o rrec ted lin es. T h e Nv ec to rs o f th e lin es p a ssin g th ro ugh d isp la c ed p o in ts a re rep la c ed b y th e fi rst o f eq s. (4), th e Z -v ec to rs o f th e in tersec tio n s o f th e d isp la c ed lin es a re rep la c ed b y th e sec o n d o f eq . (4), a n d th is p ro c ess is p ro p a ga ted .
U sin g th e c o n stra in ts o n th e o rien ta tio n s o f lin es a n d p la n es p ro v id ed b y th e c o rrec ted v a n ish in g p o in ts a n d v a n ish in g lin es, w e c a n d eterm in e th e 3-D sh a p e o f th e sc en e up to a sc a le fa c to r [1 , 3] . Fig. 4(a ) is a sh o rt-ra n ge v iew o f a b uild in g w ith a stro n g p ersp ec tiv e eff ec t (30 0 × 40 0 p ix els). T h e selec ted fea ture p o in ts a re m a rk ed in it. U sin g th e th ree o rth o go n a l d irec tio n s d ra w n in Fig. 4(b ) , w e estim a ted th e fo c a l len gth to b e 41 6 p ix els b y lea st sq ua res a n d 431 p ix els b y th e o p tim a l c o m p uta tio n . In th is c a se, th e th ree a n gles d efi n ed b y th e v a n ish in g p o in ts a re a ll o b tuse, so th e c o m p o site m eth o d red uc es to th e o p tim a l c o m p uta tio n . Fig. 4(c ) ,(d ) a re v iew s o f th e rec o nstruc ted 3-D sh a p e seen fro m tw o d iff eren t a n gles. Fig. 5 (a ) is a d ista n t v iew o f a b uild in g w ith little p ersp ec tiv e eff ec t (30 0 × 40 0 p ix els); th e p rojec tio n is a lm o st o rth o gra p h ic . U sin g th e fea ture p o in ts m a rk ed th ere a n d th e th ree o rth o go n a l d irectio n s d ra w n Fig. 5 (b ) , w e estim a ted th e fo c a l len gth to b e 8 1 2 p ix els b y lea st sq ua res a n d 2 8 2 5 p ix els b y th e o p tim a l c o m p uta tio n . In th is c a se, o n ly o n e o f th e th ree a n gles d efi n ed b y th e v a n ish in g p o in ts is o btuse, a 
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. C o n c lu d in g Remark s
W e a n a ly z ed th e n o ise sen sitiv ity o f th e fo c a l len gth c o m p uta tio n fo r sin gle-v iew 3-D rec o n struc tio n . W e p o in ted o ut th a t d ue to th e n o n lin ea rity o f th e c o mp uta tio n th e sta n d a rd sta tistic a l o p tim iz a tio n is n o t v ery eff ec tiv e. W e p resen ted a p ra c tic a l c o m p rom ise b etw een p rev en tin g th e c o m p uta tio n a l fa ilure a n d m a in ta in in g th e a c c ura c y a n d d em o n stra ted th a t o ur m eth o d c a n p ro d uc e a c o n sisten t 3-D sh a p e in th e p resen c e o f h o w ev er la rge n o ise.
